COMPARISON OF PRODUCTS OF METHODS
OF SUMMABILITY*

BY
RALPH PALMER AGNEW

1. Introduction. A sequence s, of complex numbers (or complex-valued
functions) is called summable to L by the method of summability

(4) Sn = Z AnkSk,
k=1

determined by the matrix 4 = (a.:) of real or complex constants, if the trans-
form S, exists and lim,.S»=L. The matrix 4 (and method of summability
A) is called row-finite if for each %, a,,=0 for all sufficiently great k; and is
called triangular if a.,=0 for 2 >#. The method 4 is regular if s,—L implies
S.—L. Necessary and sufficient conditions that A4 be regular are, by the
Silverman-Toeplitz theorem,

1.1) > am| < M, M = constant,
k=1
(1.2) for each %, lim aqx = 0,
n—
1.3) lim D au = 1.
n—o g1

The set of sequences summable 4 is called the convergence field of 4.
Let

(.B) T, = Z bnkSk
k=1
denote a second method of summability.

In case each sequence summable B is summable 4 to the same value, 4 is
said to include B and we write 4 > B. In case A >B and B> A4, A and B are
called equivalent and we write A ~B. In case the equality L= Lp holds for
each sequence summable 4 to L, and summable B to Lp, the methods 4 and
B are called mutually consistent (or consistent). '

In terms of 4 and B it is possible to define two “products,” each of which
is a new method of summability. The iteration product, ordinarily denoted by

* Presented to the Society, February 20, 1937; received by the editors March 27, 1937.
327



328 R. P. AGNEW [May

AB, is the method which associates with a given sequence the 4 transform
of its B transform, that is,

(4B) Un = Z anplp = Z Z GnpbprSk.

P=1 p=1 k=1
Thus s, is summable AB to L if lim U,=L. The composition product is also
at times denoted by AB; it is the method whose matrix is the product 4B
(which we denote by 4 - B) of the matrices 4 and B. Thus we write

(4-B) Va = Z Z AnpbpiSk)
k=1 p=1
and s, is summable A -B to L if V,—L.
We observe that U, and V, are, if they exist, respectively the “sum by
rows” and the “sum by columns” of the double series

@n1b1151 + @n1bi2se + anibisss + - - -
T @n2b2151 + @nzboeSs + @ngbosss + - - -
+ @n3b3151 + @n3b32S2 + @nsbssss + - - -

If A and B are regular and s, is bounded, the series (1.4) converges abso-
lutely and U,=YV,; but without these restrictions it is not so obvious that
U,=V.. There is in fact the possibility that AB and 4 -B may fail to be
equivalent or even consistent.

It is the main object of this paper to compare pairs selected from the four
transformations 4, B, AB, and 4 - B, considering in each case questions of
inclusion, equivalence, and consistency. It appears that unless either or both
of the matrices (@.x) and (b,x) are assumed to belong to restricted types,
the results obtained are largely negative. These negative results are estab-
lished by examples. Several examples are explicitly given, each for two rea-
sons. In the first place each example, consisting of two regular methods of
summability satisfying prescribed conditions and a sequence, can be manu-
factured only after considerable experimentation. In the second place the
examples are largely of such obviously pathological character that they leave
hope of obtaining positive theorems involving matrices of restricted types.
Some such theorems are given in this paper, particularly in §11. It is doubt-
less true that more (and better) theorems of this kind will appear in the fu-
ture.

In §12 we compare AB with A’B’ and A4 -B with A’-B’ where the pair
A, A’ and the pair B, B’ represent closely related methods of summability.

(1.4)
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In §13 we deal briefly with multiple products and in §14 with kernel trans-
formations.

2. Comparison of methods 4 and B. It is well known that two regular
row-finite methods 4 and B with @,: 20, b,: =0 may be such that all of the
relations 4 o B, B> A, A~B are false and in fact such that 4 and B are in-
consistent.*

3. Comparison of methods 4 and AB. It follows from §2 that we can
choose regular row-finite methods 4 and B, with 4,20, b, =0, and a se-
quence s, summable 4 to L, and summable B to Lg>=L,. It is easy to see
that regularity of 4 implies that s, is summable AB to Lg. Thus 4 and AB
may be inconsistent, and there is no hope of showing that A > 4B, AB> A
orA~AB.

4. Comparison of B and A B. Elementary examples show that B> AB
may be false, and hence that B and A B need not be equivalent, even when 4
and B are assumed to be regular, row-finite and @,, 20, b, 20.

However if 4 is regular and s, is summable B to L, then T',—L and regu-
larity of 4 imply U,—L so that s, is summable 4B to L. It follows that if 4
is regular, then 4B > B. This implies that B and 4 B must be consistent.

5. Comparison of 4 and 4 - B. When 4 and B are determined as in §3, the
series (1.4) from which U, and V, are computed reduces to a finite sum, and
obviously U,=V,; hence in this case 4-B~AB. It follows from §3 that 4
and 4 - B may be inconsistent, and there is no hope of showing that 4 > 4 - B,
A-BoA,orA~A-B.

6. Comparison of B and 4 - B. Elementary examples of row-finite trans-
formations show that B > 4 - B may be false and hence that B and 4 - B need
not be equivalent.

One might expect to be able to show that if 4 and B are regular, then
A -B > B. But this is impossible. The authort has given an example of trans-
formations 4 and B (having some significant properties in addition to regu-
larity) and a sequence s, which is summable B but non-summable 4 - B.

In this paper we go further and prove in §9 the following theorem:

THEOREM 6.1. There exist regular transformations A and B with a., 20,
barx =0 for which B and A - B are inconsistent.

7. Comparison of AB and A -B. It is not true that regularity of 4 and B

* Questions involving inconsistency of transformations are discussed in detail in Agnew, On
ranges of inconsistency of regular transformations and allied topics, Annals of Mathematics, vol. 32
(1931), pp. 715-722.

t Agnew, Products of methods of summability, Bulletin of the American Mathematical Society,
vol. 42 (1936), pp. 547-549.
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implies either AB>A4-B or A-B> AB. In fact we prove in §9 the following
theorem:

THEOREM 7.1. There exist regular transformations A and B with a.,=0,
bk =0, for which AB and A - B are inconsistent.

This theorem evidences the necessity of noticing a distinction between the
iteration product AB and the composition product 4 - B.

The transformation 4 of Theorem 7.1 cannot be row-finite. For if 4 is
row-finite, then all of the terms lying below some row of the double series
(1.4) from which U, and V, are computed vanish, and existence of U, implies
existence of V, and the equality V,=U,. Thus we have the theorem:

THEOREM 7.2. If A is row-finite, then A-B > AB.

This implies that if 4 is row-finite, then AB and A4 - B must be consistent.
It is however impossible to go further and prove that AB and 4 - B must be
equivalent. We prove the following theorem:

THEOREM 7.3. There exist regular transformations A and B with A row-
finite, aax =0, b, =0, and a sequence sy such that sy is summable A - B but non-
summable AB.

Let p1, p2, p3, - - - denote in order the primes 2, 3, 5, - - - . For each
n=1,2,3, -, let @, ,=an,2=1/2 and let a,,=0 otherwise. If # is neither
a prime nor a square of a prime, let b,,=1, and b.: =0 otherwise. For each
n=1,2,- - letb,, =0 when k= p,., p.3, p.5, - - - ,and let b,,,,=2"=when £
is of the form p2«—1. Let b, .,x=0 when k= p.2, p.t, 9.8 - - - ,andlet b, ., =272
when £k is of the form p,2«. These matrices a.x and b,x define methods 4 and B
of summability satisfying the hypotheses of the theorem. Observe that
@n=bnr=0 when n>k. Let the sequence s; be defined by the formulas:
sp=2°+!/o when £ is of the form p2e~!; s;= —2°+!/a when £ is of the form
p2e; and s, =0 otherwise.

It can be shown that for this example the double series (1.4) from which
U, and V, are computed becomes (after omission of rows and columns of
ZEros)

1+0+34+0+3+0+3+---
+0-140—-34+0—-34+0—---.
It is apparent that, for each », the sum by columns of this series is 0, that is,
V.=0; and that the sum by rows does not exist, that is, U, does not exist.
Thus the sequence of s, of the example is summable 4 -B to 0 and is non-

summable 4 B. This proves Theorem 7.3.
The transformation B of Theorem 7.3 cannot be row-finite. For if both

(7.31)
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A and B are row-finite, then U,= 1V, for every » and equivalence of 4B and
A - B follows.

In spite of the fact that the transformations 4B and 4 - B of Theorem 7.1
need not be consistent, there is a large class of sequences (including all
bounded sequences and all unilaterally bounded real sequences) over which
they must be equivalent.

We shall say that a sequence s, lies in an angle less than = in the complex
plane if there exist a point 2z, an angle 6, and a positive angle ¢ <m/2 such
that for each »

(7.32) sk = 20 + pret@tos)
where p; 20 and | 6;| <¢.
THEOREM 7.4. If A and B are regular transformations with
(7.41) a.x 2 0, bar 2 0, n,k=1,2---,

then each sequence s, which lies in an angle less than w in the complex plane and
which is summable to L by one of the methods AB and A - B is also summable to
L by the other one.

The gist of this theorem is that for regular transformations 4, B satisfying
(7.41), the two transformations AB and 4 - B are equivalent in so far as ap-
plication to sequences lying in an angle less than = is concerned.

To prove the theorem, suppose first that s, is a sequence given by (7.32)
for which V, exists. Then

o

(7.42) V= 20 22 tnpboelzo + preifoei®s],

k=1 p=1
and, where £, and 7, are the real and imaginary parts of pe¥,
(7.43) V,, = ZOE Z anpbpk + eio“z Z anpbpk[sk + 1:7710] .
k=1 p=1 k=1 p=1
Since @, 20, b, =0, £, 20, and 7, is real, this implies convergence of
(7.44) 2 nsbor| il
k=1 p=1

But |17k| =< &, tan ¢ so that (7.44) converges when | fkl is replaced by |’7kl .
It now follows easily that both series in (7.43) converge absolutely and hence
that the series in (7.42) converges absolutely. Therefore

(7.45) Un = 2 D anpbpr[z0 + prettoes]

p=1 k=1
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exists and U,=V,; hence V,—L implies also U,—L. We can show similarly
that U,—L implies also V,—L, and Theorem 7.4 is proved.
8. A double series. In the next section we use the double series

-3+0-3{+0-%+0-0+0—-0 +-
+0—-0+3-04+0—-0+0—-3+0— 5+ ---

(8.1) +0-04+0-0+2—-04+0—-04+0—-0 +---
+0-04+0-04+0—-04+4—-0+0—-0 +---
+ ..............................

whose terms u,; may be defined as follows: for each odd &
o = 1/ if n = (k+ 1)/2,

8.2
®.2 = 0 otherwise;

and for each even %

Unp = — 1/k if n = my,
(8.3) T VRE =
= 0 otherwise,

where 7, is the smallest » for which
(8.4) Un1 + Un2 + Un3 + st + Un,k—1 — l/k g O-

The harmonic series »_1/k being divergent, it is easy to see that for each #,
the infinite series %, +#.2+ - - - converges to 0. Hence the double series (8.1)
converges by rows to 0 and by columns to log 2=1-1/241/3-1/4+ - - -.
Moreover it can be shown by arithmetic methods that for each #, %,,=0 for
all sufficiently great k; that is, each row of (8.1) contains only a finite number
of non-vanishing terms.

9. Proof of Theorems 6.1 and 7.1. We can now prove the following theo-
rem of which Theorems 6.1 and 7.1 are obvious corollaries:

THEOREM 9.1. There exists a pair of regular transformations A and B with
B row-finite,

9.11) ank 2 0, bk = 0, mk=12---,

9.12) Zank=1; ank=l; n=12-.--,

k=1 ke=1

and a sequence sy such that

(9.13) Tn=zbnksk=07 ”=1y27"' ’

k=1
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(9.14) Un=20Tp =22 Gahpass =0, n=12---,
Pl p=1 k=1
and
(9.15) Vo= Gaphpps =1, n=1,2,---.
ka=l pw=1
Let the positive integers 1, 2, 3, - - - be displayed as a double sequence

h,,k SO that hu=1, h21=2, h12=3, h31=4, han=5, h13=6, h14=7, etc. For each
n=1,2,3, -, let a.: be defined for k=1, 2, 3, - - - by the formula
Ak = 0, k #= hnl, hn2, hns, T

9.16
©.16) =27, h=lhyr=12---.

This matrix a.:; determines a regular method 4 of summability with ¢,,=0
and )_;.,a.=1 for each n.

The double series (1.4) from which U, and V, are computed takes (after
removal of rows of zeros) the form

01151 + 30n,,.252 + 30, 888 + - -
+ 10,0151 + 10,252 + 1Dn 888 + ¢ -

(9.17)
+ 30n,5.151 + 30n, 4,252 + §On 5858 + - - -
+ ......................
Let, for each n and r,
(9.18) bhy ok = 0, k# Ry Bagetry - - - -

Then the double series (9.17) takes (after removal of columns of zeros) the
form

%b"nl-hnls"nl + %bhul-hnzshnz + %b"nln"n]shut +--
+ 0 + %b"nz,"nzshu =+ '}bhn:-"usshna +--

(9.19)
+ 0 + 0 + %bhntthnishni + -

We observe that if »’>n’’, then the “variables” b.s and s, appearing in
(9.19), when n=#’, are distinct from those appearing when n=#'". For each
n=1,2,3,- - - let the elements b.s and s, appearing in (9.19) be determined
so that the terms of the two series (9.19) and (8.1) in corresponding positions
will be equal, and the non-vanishing elements of the sequence

b"u,r"n.r’b"u.r"n.r+v bhn.rhn.r'l-!’ o
will be equal in order to
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1/2d,1/2%4d, - - - , 1/2%d

where d=1/2+1/22+ - - - +1/28.

This gives a complete and unique determination of the elements of the
matrix B=(b.). It is clear that B satisfies the hypotheses of the theorem,
regularity being implied by the conditions

bar = 0, Db =1,
k=1

and the fact that b,,=0 when n > k.

It follows from identity of (9.19) and (8.1) and the fact that each row of
(8.1) converges to 0, that T,=0 for each p=1, 2, - - - ; and since (8.1) and
hence (9.19) converge by rows to 0 and by columns to log 2 we have U,=0
and V,=log 2. If finally we divide each s, determined above by log 2, then
T,,U.,and V, will be divided by log 2 and we obtain (9.13),(9.14), and (9.15).

10. Remarks on Theorem 9.1. The author has been unable to find an ex-
ample less recondite than the one just given to prove Theorem 9.1. In case
the requirements a@.; =0, b.x =0 are removed, we can give simpler examples.
For definiteness, and convenience of reference we state the following theorem:

THEOREM 10.1. If 7 is a complex number with 0<|r| <1, then the methods
(4) So = Sp+ r"Spp1 + r"Flsppe + - -,
(B) To = [1/(1 = N]saa + [= 7/(1 = 1)]sa

are regular while AB and A - B are inconsistent. The sequence sy=(1—r)r—% is
summable AB to0and A-Bto 1.

Verification is straightforward and left to the reader. We note that if
0<7<1, the elements a,; are all =0 but some elements b,; are <0; while
if —1<r<0, all elements b,; are =0 but some elements a,; are <0. If r is
not real, the conditions a,; =0, b, =0 both fail.

The method 4 of Theorem 10.1 is, for each admissible 7, equivalent to
convergence. For on one hand 4 is regular. On the other hand if s; is sum-
mable 4 to L so that

(10.11) Sn = Sp + r"Spp1 + r"Hlsppe + - - -

exists and S,—L, then convergence of the series in (10.11) implies that

(10.12) lim (r%saq1 + 725042+ - - - ) = 0,

a—ro

and hence that
(10.13) lims, =1lmS, = L.
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The method B is not only regular but also has several other features at
times desirable in methods of summability. The permissibility of removal or
adjunction of elements at the beginning of a sequence is such a feature.

These remarks make it appear likely that significant theorems giving con-
ditions sufficient for consistency of AB and 4-B (or for AB> A4-B, or for
A -B> AB, or for AB~A - B) will involve classes of methods defined by mat-
rices of more or less restricted types rather than involve classes of methods
having various ones of the numerous “desirable” properties of methods of
summability.

The following theorem indicates the possibility of obtaining constructive
theorems involving 4B and 4 - B, and is of interest in connection with Theo-
rem 10.1:

TueorEM 10.2. If A and B are regular transformations with @, =0, b, =0
and if Bis of the form

n+p8

Tn = Z bnkskl

k=n—a

where o. and (B are non-negative integers, then AB> A -B.

In interpreting B, we agree that s, =0 when £<1, and that b,,=0 when
k < p—aand when k> p+B. Assuming s, to be a sequence for which

© © k+a
(10.21) V=20 GaphprSt = 2 2 GnpbpisSi
k=1 p=1 k=1 p=k—B

exists, we have for fixed »

]

e
= lim E Z CnpbpkSk = hm > np D borsi

Q- k=1 p=1 Q—-w p—i k=1
(10.22)
Q-8 Q+a Q
= lim { Z avmz bprse + E Gnp E bpksk} )
Q- k=1 P=Q—F+1 k=1
and hence
o0 Qt+a Q
(10.23) V, = lim { > Gap 2 borsi + 2 > a,.,b,,ksk} .
0o \pmt gt P=Q—f+1 k=Q—a—f41

The operations under the limit sign are justified by vanishing of elements b,;.
Now convergence of the first series in (10.21) implies that

0
Ay = Ea,.,,b,,,,|sk|—»0
p=1
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as k— . But since a,; 20 and 5,20, 0=< a,,b,| si| <A, for each fixed p.

Hence
Qta Q Q+ta Q Q
Z Z npbprs| S E Z Ar = (a+B) E Ar—0
p=Q—B+1 k=Q—a—B+1 Pp=Q—B+1 k=Q—a—p+1 k=Q—a—f+1

as Q— . This fact and (10.23) imply that

L

) [ »+8
U = Z anpz bprs = Z Gnp Z boksk
pe=1 k=1 p=1 k==p—a
exists and U,=V,. This argument shows that AB> 4 - B, and Theorem 10.2
is proved.
Examples show it is impossible to modify the argument to prove
A-B> AB. For one such example, it suffices to put, for each n=1,2, - - .,

(10.4) Gnt = 0, koo ont ot omd,

=277, k= n%, c=1,2,--.,
and for each n=2, 3, - - -,
(10.5) b = 0, k#n—1,n,

=1/2, k=n—1,n,

while b;;=1 and b1, =0 for 2 >1. The sequence defined by s,=(—1)"log » is
summable 4 B to 0 and is non-summable 4 - B. We note in passing that (10.5)
defines a regular Norlund method of summability which is included by the
arithmetic mean method.

11. The arithmetic mean and generalizations. Let p,, s, 5, - - - be a se-
quence of constants with

(11.01) Po=p1+p2+ -+ p.#0, n=12- ...
Let P denote the method of summability associated with the transformation
(P) To = (p151+ pasz+ - - - + PnSn)/Pa.

The transformations P differ from the more familiar Norlund methods in
order of distribution of the “weights” p; but share with Nérlund methods
the property of reducing to the important arithmetic mean method C, (or M)
when p,=1 for each k. The theorems of this section therefore give facts in-
volving C,.

THEOREM 11.1. If A and P (regular or not) are methods of summability
with @, =20, P,>0, then AP>A-P.
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The AP and 4P transforms U, and V, of a sequence s, are (if they
exist) determined as the sum by rows and the sum by columns of the double
series obtained by removing parentheses from the series

Pilag(psi+ 0 + 0 40+ ---)
(11.10) + Pilgas(prsi + pasa+ 0 +0+---)
+ Pilans(pisy + pese + psss + 0+ - - - )

We show that existence of V, implies existence of U, and the equality
U,=V.,. This follows, on introducing obvious notation and interchanging
rows and columns, from the following lemma:

LEMMmA 11.2. If 0,20 forn=1,2, - - - , and the series obtained by removing
parentheses from the series
o101 +0:+6:+---)
0, + 0 .
(11.20) +02( s + 0s + )
+ O'a( s+ ---)
converges by rows to A, then it also converges by columns to A.

To prove the lemma, let
(11.21) Rn=0n+0n+l+0n+2+"' .

If R,=0 for some #, then 6, =0 for all sufficiently great », and the conclusion
of the lemma obviously holds. Hence we may assume R,0 for all ». Let

(11.22) wr = 0,000 + Oppy + 0py2 + - -+ ) = o,R,.
Then
(11.23) Y wa=A, 0n=wn/Rn.

The sum of # columns of the series (11.20) is
(11.24) K, = Vl(Rl - Rn+l) + O’z(R: - R»+1) +---+ U’u(Rn - Rn+l).

This can be written
(11.25) Kn = 2 Burwr,
ka=1

where
(11.26) Bnk = l - R,H.l/Rk.
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The fact that R,—0 monotonely as n— enables us to show that (11.25)
defines a regular method of evaluating series,* that is, )_w,= A implies K,—A.
This completes the proof of Lemma 11.2 and hence the proof of Theorem 11.1.

It is impossible to strengthen Theorem 11.1 by proving that 4- P> AP,
even when P is the arithmetic mean transformation Ci. In fact, we prove the
following theorem:

THEOREM 11.3. Corresponding to each transformation of the form
P) Tn=(Plsl+P232+"‘ +Pnsn)/Pn7

where %0, Po=p1+ - - - +p.>0 for each n=1, 2, - - - | there is a regular
transformation

(A) S = Z QnkSk,

k=1

With @, 20, such that A - P does not include AP..

Let py, p2, - - - denote in order the odd primes. For each n=1,2, 3, - - -
let
a. =0 k # 2pa, 2p,2 an(i’ T
(11.30) P, o
=27, k= 2o, eo=1,2, .

The double series, of which U, is the sum by rows and V, the sum by col-
umns, becomes, after removing rows of zeros and factoring the remaining
rows

2Py Yprs1+ - - - + prr—1S2—1 + paeSe, + 0+ - - -
(11.31) 4+ AP Mp1s1+ - - - + pariSer—1 + pocSer + - - - + patszr + - - -

where 7=p,. Foreachn=1,2, - - ., let

(11.32) S20 = 1/29°Propy,e, co=12---,
and let sy, =0 when % is not of the form p.°. Fdr each k, let

(11.33) S2k—1 = — ParSen/P2i—1.

We now have a complete and unique determination of a regular matrix a,x
and a sequence s;. For each #, the series (11.31) converges by rows to 0 and
fails to converge by columns. Therefore the sequence s is summable AP to 0
and is non-summable 4 - P.

* Carmichael, Bulletin of the American Mathematical Society, vol. 25 (1918), pp. 97-131.
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12. Comparison of A B with A’B’ and 4 - B with A’- B’. 1t is trivially easy
to see that if 4, A’, B, B’ are regular transformations and there is an index
#o such that @..=am and bap=>b,: when n=n,, then A~A4’and B~B’. A
comparison of the two methods 4B and 4’B’, or the two methods 4 - B and
A’ B’ is not so simple. We can however prove the following theorem:

THEOREM 12.1. Let

(A)’ (A,) Sn = Z QAnkSk Sa = Z a"’lksk)
k=1 k=1

(B), (B') To=2 bust, Td =2 blss,
k—} k=1

be four regular methods of summability, and let an index N exist such that
Qi =0k, ANd by =0y, forn=N.
Then the two methods of summability

(4B) Un = Z Qnp Z borsk;
p=1 k=1

(4'B’) Ul =2 ady 2 byass
p=1 k=1

are consistent, and the two methods

(A B) Va = Z E aﬁpbpksk
k=1 p=1

(4’-B') Vi = 2,2 tapbprse
k=1 p=1 ’

are consistent.

We prove first that (4B) and (4’B’) are consistent. Suppose s; is a se-
quence summable 4B to L and summable 4B’ to.L’ so that U,—L, U,/ —L’.
Then

Tp=2 bmse, T3 =2 bust
k=1 Fm=1
must exist for each p=1, 2, - - - . Letting 0. denote generically quantities
depending on a which converge to 0 as a—, we find

N—-1 © N—-1 ©
Un = E anpTp + Z a,.,[ Z bpisk + Z bpksk]
p=1 p=N k=N :

k1

On + Z Qnp [op + E bpksk]
=N k=N

o 0
On -|- E a,.,,z bpksko
p=N k=N
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Likewise
0 R 0 ,
Ud = o0n+ D Gnp D bpisk.
p=N k=N

But over the ranges of summation in this series, we have, when #=N,
Gnp=0np and b, =b,:. Hence U,=0,+U/, and it follows that L=L’. Thus
AB and A’'B’ are consistent.

To prove that 4-B and A’- B’ are consistent, let s; be a sequence sum-
mable 4-B to A and summable A’B’ to A’ so that V,—A, V,!—A’. Since
Gnp=0anp, when n2 N, we can write for n >N

z za,., st D aup )

p=N+1

Z Z anpb pksk + Z aﬂpbpksk)

k=1 p=N+1
Since b,r="b,, when p > N, it follows that when n= N
w N ,
Va— Vi = Z Z @np(bpr — Bpk)Si.
k=1 pml

An application of the following lemma with 8,:=(b,x—b,/ )s: shows that
Va.—V.,!—0 as n—x and hence that A=A’ and that 4-B and 4’ B’ are

consistent.

LeEmma 12.2. If
(12.21) lim a.p = 0, p=1,2,---,N,
n—ro
and
o N
(12.22) An= 202 updpr

k=1 p=1
exists for each sufficiently great n (say nZn.), then

(12.23) lim A, = 0.

n—0
We prove this lemma by induction, considering first the case where N =1
and accordingly

L]
= andus, n = ng.
k=1
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If ¢,..=0 for all sufficiently great #, then obviously A,—0. Otherwise we can
choose # =n, such that a,; 0 and conclude existence of

B, = Z 01k,
=1
so that
A,. =4a,.1B1.

Since @,,—0, it follows that A,—0. Thus the lemma holds when N =1.
In case N=2, we have

(12.24) An = D (Gn1d1k + Gazdar), n = no.

k=1
Suppose two multipliers u; and ps, not both zero, exist such that
B18n1 + polaz = 0, n > no.

Then supposing p: =0 (the case p;50 is analogous) and putting p= —pu:/u,
we have

Ap2 = Panly n > 'no,

and substitution in (12.24) gives
Ay, = Z anl(slk + p82k)-
k=1

Now A,—0 follows from truth of the lemma for N=1.
If multipliers u; and p. do not exist as above, then we can choose #, and
n, such that #no<n, <n, and

Qn1 Qn2

(12.25) = 0.

Qn,1 Gny2
From
-]
A, = > (@n, 101k + @n,202k) ,

k=1
A, = Z (81011 + Gn,2B2r),
Kol
we conclude existence of

)
anﬂAn, - aanAn, = Z (an,lan,z - au,zdn,1)51k-
k=1
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This relation and (12.25) enable us to conclude convergence of the first, and
similarly we conclude convergence of the second of the series

By = Y bu, By = ) bu.
k=1 k=1
Therefore we can write (12.24) in the form
An = anlBl + a,.sz,

and A,—0 follows from a,;—0, @,,—0. Thus the lemma holds when N =2.
Assuming that the lemma holds when N <R, we can show that

o R
A, = E Za,.,&,k—>0

k=1 p=1
in the case where multipliers ui, s, - - - , ur not all zero exist such that
M18n1 + ponz + - - - + pra.r = 0, n > no;
and also in the alternative case where n,<#,< - - - <mg all exist greater
than 7, and such that the determinant
det | angl, a,8=1,---,R,

does not vanish. The methods are analogous to those of our proof for the
case N =2. This completes the proof of Lemma 12.2 and hence of Theorem
12.1.

The reader may naturally be disgruntled by the conclusions of Theorem
12.1; the theorem would be more satisfying if we could replace “consistent”
by “equivalent,” but we cannot do this. It is clear that under the hypotheses
of the theorem 4B and A’B are equivalent; and 4 -B and 4A’- B are equiva-
lent. But AB and AB’ (or A-B and A4 - B’) need not be equivalent.

For an example, put am=1/n,n=1,2,- - ;uu=1—1/n,n=2,3, - - - ;
and @, =0 when k1, n. Let by, =1/27 when & has the form 4p —3,and b,,=0
otherwise. Let b/,=1/27 when % has the form 4p—1 and 5], =0 otherwise.
Let foreachn>1

bor = b =1, k=mn,
= 0, otherwise.
The sequence s;= [(—2)? when k=4p—1 and 0 otherwise ] is summable 4B
and 4 - B to 0 but is non-summable 4B’ and 4 - B’. The sequence s;= [(—2)?
when k=4p—3 and 0 otherwise ] is summable 4B’ and 4 - B to 0 but is non-

summable AB and 4 -B. Thus 4B and AB’ have overlapping convergence
fields,asdo A-Band 4-B’.



1938] PRODUCTS OF METHODS OF SUMMABILITY 343

13. Multiple products. In terms of three methods 4, B, C of summability,
we can define five types of products: ABC, A(B-C) (4-B)C, A-(B-C) and
(4-B)-C. 1t is easy to show that the last two methods are equivalent. It fol-
lows easily from Theorem 7.1 that each other pair selected from the five
products may be inconsistent, even though 4, B, C are regular and ., 20,
bnk 20, and Cnk %0

14. Kernel transformations. Just as matrices (a.x) serve to define gen-
eralizations of lim,_..s,, so also kernels a(x, £) serve to define generalizations
of lim,.,s(#). The <4 transform of a function s(¥) is, if it exists, given by

) s = [ otz nstyar,

and s(f) is summable A4 to L if S(x)—L as x—x.

Since the transformation <4 becomes essentially a matrix transformation
of sequences when we put s(f) =s; when k—1=<t<k and a(x, f) =a., when
n—1=x<n, k—1=t<k, so that S(x) =S, when n—1=Zx<#, it follows that
some of our results have immediate application to kernel transformations.
We mention only the fact that the iteration product

AB) U(x) = fwa(x, a)do f °°b(az, t)s(t)dt
and the composition product
A-B) V(x) = f i { f °°a(x, a)b(a, t)da} s(t)dt

may represent inconsistent methods of summability of functions, even though
A and B are regular and the kernels a(x, £) and b(x, ¢) are everywhere non-
negative. It thus appears that a formal change of order of integration in a
right member above may not only produce a meaningless integral but may
actually produce a wrong answer.
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